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Interference

COVID-19 vaccine protects family members from SARS-CoV-2
infections (Salo et al. 2022)
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Causal questions
Prevalence of COVID-19 in a city when 50% of citizens are
vaccinated compared to when 30% of citizens are vaccinated
Risk of COVID-19 when an individual is vaccinated versus not
vaccinated when 50% of other individuals in the same city are
vaccinated
How to define intervention effects under clustered interference?
How to estimate effects (what assumptions, what methods)?
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Notation
Ni : number of units in cluster i ∈ {1, . . . ,m}
Unit j ∈ {1, . . . ,Ni} in cluster i ,
Yij ∈ R: outcome, Aij ∈ {0,1}: treatment, Xij ∈ Rp: covariates
Oi = (Yi ,Ai ,Xi ,Ni): observed data for cluster i
Yi = (Yi1, . . . ,YiNi ), Ai = (Ai1, . . . ,AiNi ), Xi = (Xi1, . . . ,XiNi )

A(Ni): set of all length Ni binary vectors
Potential outcome under clustered interference

Yij(ai): potential outcome for unit j in cluster i when individuals in
the cluster receives treatment assignment according to ai ∈ A(Ni)

Yij(ai) = Yij(aij ,ai(−j)), ai(−j) = (ai1, . . . , ai(j−1),ai(j+1), . . . , aiNi )

No interference
Yij(aij ,ai(−j)) = Yij(aij ,a′

i(−j))
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Treatment Allocation Policy
ATE: Potential outcomes when treating everyone vs. no one (?)

E
{

N−1
i

∑Ni
j=1 Yij(1, ...,1)

}
− E

{
N−1

i
∑Ni

j=1 Yij(0, ...,0)
}

Stochastic treatment allocation policy (Muñoz and Van Der Laan 2012)

Counterfactual scenario: a cluster of size Ni and covariate Xi
receives treatment ai with probability Q(ai |Xi ,Ni)

Example

Type B policy (Tchetgen Tchetgen and VanderWeele 2012)

Q(ai |Xi ,Ni) =
∏Ni

j=1 αaij (1 − α)1−aij

GLMM shift policy (Barkley et al. 2020, Papadogeorgou et al. 2019)
P(Ai |Xi ,Ni) =

∫ ∏Ni
j=1{g(X⊤

ij β+ u)}Aij{1− g(X⊤
ij β+ u)}1−Aij dΦ(u)

Q(ai |Xi ,Ni) =
∫ ∏Ni

j=1{g(X⊤
ij β′+u)}aij{1−g(X⊤

ij β′+u)}1−aij dΦ(u)
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Cluster Incremental Propensity Score
(CIPS) Policy

Incremental Propensity Score Interventions (Kennedy 2019)

Shifting propensity score (PS) distribution such that counterfactual
odds of treatment is δ ∈ (0,∞) times observed odds of treatment
CIPS(δ) policy

Advantages
1 Individual-level treatment assignment probability depends on

individuals’ covariates
2 PS model need not to be parametric
3 Only one parameter δ: extend to which the PS distribution was

shifted such that receipt treatment was more (or less) likely
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Cluster Incremental Propensity Score
(CIPS) Policy (cont’d)
πij = π(j ,Xi ,Ni) = P(Aij = 1|Xi ,Ni) : PS of unit j in cluster i
πij ,δ = Pδ(Aij = 1|Xi ,Ni) = δπij/(δπij + 1 −πij) : shifted PS
Odds ratio of treatment in counterfactual versus factual

πij ,δ
1 −πij ,δ

/ πij

1 −πij
= δ

CIPS(δ) policy distribution

Pδ(Ai = ai |Xi ,Ni) =
∏Ni

j=1(πij ,δ)
aij (1 −πij ,δ)

1−aij
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Causal Estimands
EAPO when the odds were δ times the factual

μ(δ) = E
{

N−1
i

∑Ni
j=1

∑
ai∈A(Ni )

Yij(ai)Pδ(Ai = ai |Xi ,Ni)
}

Overall effect
OE(δ, δ′) = μ(δ)− μ(δ′)

(e.g.) Difference in risks of COVID19 when the odds of vaccination were δ times
the factual versus δ′ times the factual
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Causal Estimands
EAPO when treated (t = 1) / untreated (t = 0) when the odds of
others were δ times the factual

μt(δ) = E
{

N−1
i

∑Ni
j=1

∑
ai(−j)∈A(Ni−1) Yij(t ,ai(−j))Pδ(ai(−j)|Xi ,Ni)

}
Direct effect

DE(δ) = μ1(δ)− μ0(δ)
(e.g.) Risk of COVID19 when vaccinated versus not when odds of vaccination
were δ times the factual

Spillover effect when treated (t = 1) / untreated (t = 0)

SEt(δ, δ′) = μt(δ)− μt(δ′)

(e.g.) Difference in risks of COVID19 when vaccinated (t = 1) when the odds of
others getting vaccinated were δ times the factual versus δ′ times the factual
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Assumptions and Identifiability
Assumption

(A1) Consistency : Yij =
∑

ai∈A(Ni )
Yij(ai)1(Ai = ai)

(A2) Conditional Exchangeability : Yij(ai) ⊥⊥ Ai |Xi ,Ni for all ai ∈ A(Ni)

(A3) Positivity : P(Aij = 1|Xi ,Ni) ∈ (c,1 − c) for some c ∈ (0,1)
(A4) Finite moments:

∣∣E(Yij |Ai ,Xi ,Ni)
∣∣ ≤ C and E(Y 2

ij |Ai ,Xi ,Ni) ≤ C
for some C <∞

(A5) Finite cluster size: P(Ni ≤ nmax) = 1 for some nmax ∈ N

Lemma (Identifiability of Causal Estimands)

μ(δ) = E
{∑

ai∈A(Ni )
1
Ni

∑Ni
j=1 E(Yij |Ai = ai ,Xi ,Ni)Pδ(Ai = ai |Xi ,Ni)

}
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Methods
Inference procedure:

1 Find efficient influence function (Semiparametric efficiency theory)

2 Decide nuisance functions estimator (Super leaner ensemble estimator)

3 Implement sample splitting estimator
4 Investigate asymptotic property of the estimator

Why?
Asymptotically normal and semiparmetric efficient
Not restricting complexity of nuisance function estimators
Super learner ensemble estimator asymptotically attains best
performance of algorithms included in library
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Efficient Influence Function (EIF)
Theorem (EIF of μ(δ))

ϕ∗μ(δ)(Oi) =
∑

ai∈A(Ni )

1
Ni

Ni∑
j=1

E
(
Yij |Ai = ai ,Xi ,Ni

)
× Pδ(Ai = ai |Xi ,Ni)

×

[
1 +

Ni∑
l=1

1
Pδ(Ail = ail |Xi ,Ni)

(2ail − 1)δ {Ail −πil}
{δπil + 1 −πil}2

]

+

 1
Ni

Ni∑
j=1

{
Yij − E

(
Yij |Ai ,Xi ,Ni

)} Pδ(Ai |Xi ,Ni)

P(Ai |Xi ,Ni)
− μ(δ)

η = (g, π): nuisance functions

(i) g(j , ai , xi , ni) = E
(
Yij |Ai = ai ,Xi = xi ,Ni = ni

)
= E

(
Yij |Aij = aij ,Ai(−j) = ai(−j),Xij = xij

)
(ii) π(j , xi , ni) = P(Aij = 1|Xi = xi ,Ni = ni) = P(Aij = 1|Xij = xij)

Plug-in estimator: μ̂(δ) = m−1 ∑
i ϕ(Oi ; η̂)
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Sample Splitting Estimator (Chernozhukov et al. 2018)
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Theoretical Results
Theorem

Let ∥f∥ = {
∫

f (o)2dP(o)}1/2 denote the squared L2(P) norm. Also, let δ ∈ D =
[δl , δu], where 0 <δl <δu <∞. Assume the following:

(B1) π̂(−k)(j ,Xi ,Ni) ∈ (c, 1 − c), |ĝ(−k)(j ,Ai ,Xi ,Ni)| ≤ C <∞

(B2)
∥∥∥∑N

j=1|(π̂(−k) − π)(j ,X,N)|
∥∥∥ = oP(m−p), p ≥ 0.

(B3)
∥∥∥∑a∈A(N)

∑N
j=1|(ĝ

(−k) − g)(j , a,X,N)|
∥∥∥ = OP(m−q), q ≥ 0

(B4) E(Y 4
ij |Ai ,Xi ,Ni) ≤ C∗ <∞

Then,

1 Under (B1) and (B2), μ̂(δ) = μ(δ) + oP(m−p).

2 Under (B1) ∼ (B3) with p, q ≥ 1/4,
√

m{μ̂(δ)− μ(δ)}⇝ G(δ) in ℓ∞(D).
Here, G(·): mean 0 GP with covariance E{G(δ1)G(δ2)} = E{ϕ∗

μ(δ1)
ϕ∗
μ(δ2)

}

3 Under (B1) ∼ (B4) with p, q ≥ 1/4, σ̂2(δ) p→ σ2(δ).
Therefore,

√
m{μ̂(δ)− μ(δ)}/σ̂(δ) d→ N(0, 1).
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Application to Senegal DHS
Senegal Demographic and Health Survey (DHS) 2015-2019

Cluster: Census block (i = 1, . . . , 1074)
Unit: Household (j = 1, . . . ,Ni), max(Ni ) = 12, mean(Ni ) = 4.25
Yij = 1(All children in household were diarrhea-free)
Aij = 1(Household had private water source or flushable toilet)
Xij = {household size, children age, parents employment, block
size, block location, etc}
Clean water facility in a household may decrease risk of diarrhea in
other household (Park et al. 2021)

Proposed method with δ ∈ [0.5,2]. δ = 1 (factual) served as
comparison for SE1(δ,1), SE0(δ,1), OE(δ,1)
Nuisance functions estimator: Ensemble of penalized logistic
regression, spline regression, GAM, GBM, random forest, and ANN
using super learner
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Application to Senegal DHS (cont’d)
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Application to Senegal DHS (cont’d)
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1 Having private water source or flushable toilet decreases the risk of
diarrhea among children (DE(δ) >0 and increasing)

2 Children from clean water households may receive an additional
protective spillover effect from neighboring clean water households
(SE1(δ) >0 and increasing)
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Nuisance function estimation
η = (g, π): nuisance functions

(i) g(j ,ai ,xi ,ni) = E
(
Yij |Ai = ai ,Xi = xi ,Ni = ni

)
= E

(
Yij |Aij = aij ,Ai(−j) = ai(−j),Xij = xij

)
= g∗(aij ,ai(−j),xij),

(ii) π(j ,xi ,ni) = P(Aij = 1|Xi = xi ,Ni = ni)

= P(Aij = 1|Xij = xij)

= π∗(xij),

where Ai(−j) = (
∑

k ̸=j Aik )/(Ni − 1) and ai(−j) = (
∑

k ̸=j aik )/(ni − 1)
Super learner ensemble of nonparametric and ML methods to
estimate η = (g, π)
ϕμ(δ)(Oi ; η) = ϕ∗μ(δ)(Oi ; η) + μ(δ): uncentered EIF
(i.e.) E{ϕμ(δ)(Oi ; η)} = μ(δ)
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Sample Splitting Estimator (Chernozhukov et al. 2018)

1 Randomly partition (O1, . . . ,Om) into K disjoint groups
Si ∈ {1, . . . ,K}: group membership for cluster i
mk =

∑m
i=1 1(Si = k): size of group k ∈ {1, . . . ,K}

2 For group k ∈ {1, . . . ,K}
2.1 Fit η̂(−k)

= (ĝ(−k), π̂(−k)) trained on {Oi : Si ̸= k}
2.2 Obtain Pk

m
{
ϕμ(δ)(O; η̂(−k)

)
}
= m−1

k
∑

i:Si=k ϕμ(δ)(Oi ; η̂(−k)
)

3 Proposed estimator is average of estimated group-averaged
uncentered EIFs:

μ̂(δ) = K−1
K∑

k=1

Pk
m
{
ϕμ(δ)(O; η̂(−k))

}
4 Variance of μ̂(δ) can be estimated by

σ̂(δ)2 = K−1
K∑

k=1

Pk
m

[{
ϕμ(δ)(O; η̂(−k))− μ̂(δ)

}2
]
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Simulations
D = 1000 simulations, each consisted of m = 500 clusters

Ni
iid∼ Unif{5,6, . . . , 20}, i = 1, . . . ,m

Ci ∼ N(0,1): one cluster-level covariate
Xij1 ∼ N(0,1), Xij2 ∼ Bernoulli(0.5): individual-level covariates
Aij ∼ Bernoulli(pA

ij ): treatment status, Yij ∼ Bernoulli(pY
ij ): outcome

pA
ij = expit(0.1 + 0.2|Xij1|+ 0.2|Xij1|Xij2 + 0.11(Ci >0))

pY
ij = expit(3 − 2Aij − Ai(−j) − 1.5|Xij1|+ 2Xij2 − 3|Xij1|Xij2 − 21(Ci >0))

Nonparametric Parametric
Estimand Truth Bias RMSE ASE ESE Cov % Bias RMSE ASE ESE Cov %
μ(2) 0.300 -0.003 0.013 0.013 0.013 94.9% -0.010 0.017 0.013 0.014 87.1%
μ1(2) 0.224 -0.004 0.014 0.014 0.014 93.7% -0.017 0.022 0.014 0.015 75.9%
μ0(2) 0.507 0.003 0.018 0.017 0.017 94.5% 0.025 0.031 0.019 0.019 75.6%
DE(2) -0.283 -0.007 0.019 0.019 0.018 94.2% -0.042 0.046 0.021 0.020 45.6%

SE1(2,1) -0.018 -0.002 0.010 0.010 0.010 94.3% -0.004 0.012 0.011 0.012 93.4%
SE0(2,1) -0.022 -0.002 0.012 0.012 0.012 94.4% -0.006 0.015 0.014 0.014 92.5%
OE(2,1) -0.063 -0.003 0.009 0.009 0.009 93.9% -0.010 0.015 0.010 0.010 77.7%
TE(2,1) -0.306 -0.009 0.017 0.015 0.015 92.1% -0.047 0.050 0.017 0.017 22.7%

Chanhwa Lee Efficient Estimation of CIPS Effects Mar 22, 2023 22 / 23



Discussion
New set of causal estimands under clustered interference based on
policy which shifts PS distribution, allowing for units’ probability of
receiving treatment to vary by their covariates and are not based on
parametric model
Efficient nonparametric sample splitting estimator which uses a
variety of data-adaptive methods, reducing the risk of model
mis-specification compared to parametric estimators
Application to the Senegal DHS data:

1 Having private water source or flushable toilet decreases the risk of
diarrhea among children

2 Children from clean water households may receive an additional
protective spillover effect from neighboring clean water households
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